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I. Introduction

HE solid of revolution stress-analysis computer code

modifications recently were presented' to include a
rectangularly orthotropic material model. This particular
material model has considerable interest in the application of
carbon/carbon composite materials for re-entry vehicle
nosetips. Recently another breed of composite materials
(referred to as 4-D and 7-D weave composites) has aroused the
interest of nosetip designers. The development of these ad-
vanced composites is motivated toward obtaining more
uniform strength and thermal expansion properties while
minimizing the occurrence of unsupported yarn bundles on
the ablating surface of nosetips. Unfortunately, these
composite materials cannot be modeled correctly with the
present generation of the solid of revolution stress-analysis
codes, since these composites are neither transversely
isotropic, polar orthotropic, nor rectangularly orthotropic,
but rather anisotropic. Thus, at the expense of meeting
nosetip design requirements, an anisotropic material results,
with  its inherent three-dimensional stress-analysis
requirements.

An example of these advanced composites that would
require a three-dimensional stress analysis method is a 4-D
weave, which consists of carbon-reinforcing fibers bundled in
four directions (see Fig. 1). The woven preform is then im-
pregnated with a suitable matrix material and processed to
achieve the designed properties. For analysis purposes, these
4-D composite materials usually are considered to be
homogeneous anisotropic, it being common engineering
practice to ignore the inhomogeneity or discreteness of the
reinforcements. To model the macroscopic behavior at
present, a 3-D code is required, with its inherent high com-
puter costs. The purpose of this Note is to present
modifications that must be made to a 2-D computer code to
enable the analysis of 3-D anisotropic materials fabricated
into axisymmetric shapes and loaded axi- or asymmetrically.
Specifically, the modification is presented for the ASAAS?
(asymmetric stress analysis of axisymmetric solids) structural
analysis code. Inasmuch as the ASAAS codé modifications
for an anisotropic material parallel those for a rectangularly
orthotropic material, this Note reflects only the significant
changes from Ref. 1; maximum use will be made of these
results. One can obtain more details on the axisymmetric solid
stress analysis procedure by consulting Refs. 2-4.

II. ASAAS Code Modifications

The ASAAS code solves the thermostructural response
problem for solids-of-revolution subjected to asymmetric
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Fig. 1 4-D carbon/carbon composite.

surface traction and temperature distributions. Since the
variation of material properties with temperature is included
within the formulation, asymmetric material property
capability is inherent in the program. The analysis is for-
mulated in polar coordinates; thus all variations of loads,
displacements, and material properties in the circumferential
direction are conveniently represented by a truncated Fourier
series. - If, however, there is no circumferential variation of
temperatures, the material properties as well as the element
stiffness matrices of anisotropic materials are still dependent
on the circumferential coordinate 8. The computer code
modifications to accommodate an anisotropic material model
are confined principally to the elasticity matrix, stiffness
matrix, and thermal load vector.

Elasticity Matrix

Since a fundamental consideration of the present discussion
is to incorporate the representation of a material into
equations that are inherently polar, it is necessary to consider
the transformation of the element elasticity matrix from
rectangular to polar coordinates. A typical elastic constant
E} in polar coordinates can be expressed in terms of the
Cartesian elastic constants Ej; at any angle 6. Specifically, the
detailed relationships between the polar and Cartesian terms
are

E} = B[4Ess+2E; +3(E; + Eg) 1+ VA [E;; — E;3]c0s20
+ BE,; + E;; —4Ess — 2E 3lcos40 + [E s + E;5]sin26
+ Y[E ;s — E;z5]sindd

Ely = [E+Eyl + V[E,, — Ey;1c0520 + Esssin26
El=WE; +E;3+6E;; —~4Ess] - B[E, + E53 —2E 5
—4Ess]cos40— V4 [E s — E35]sin40

E74 =1 [3E[4 +E34 +2E56]C050 + Y [EI4 ""E34 _2E56]C0330
+ V4B 5+ 3E 5 + 2E s, 1500 + Y4 [E 15— E g + 2E 54]sin30
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Ejs=3[E;s+Ej]cos20 + VL [E ;s — Ejslcosd + Ya{E;; — E; 1sin20 — % [E;, + Ej; —4E5s — 2E ;)sin4d

Ejg=Y[3E 5+ E;5— 2EJcosO+ ¥ [E s — Esg + 2Es,Jcos30 — V4 [E  + 3E;, — 2E 4]sind — Y [E,,— E;, — 2E5]sin30

E3=E,, E3=0[E,+Ey;l+ ¥2[E;—E;3lcos20 —E,sin28 EY,=E,,cos6 + E,gsinf

E3s =E,scos20+ 12[Ey; — E};]sin20 E3 =E,scos6 — E,, sind

E3 = WB[4E +2E13 +3(E;; +Es33)]1+ Y21Es; — E;j]cos20+ BE), + Eg; — 4Ess — 2E)3]cos40 — [E 5 + E351sin26 + V3| E s — E;5]sin40
E} = UlE,,+3E;,—2E5lcosb— Y% |E;,— E3;—2E5lcos30+ Y [3E s + E;s — 2E,,1sinf — U |E s — E ;5 + 2E;,1sin36

E% = V[E s + Ess]cos20 — V2[E s — Egslcos40 + U[E;; — E,,1sin20 + %[E,; + Ey; — 4Ess — 2E 5 ]sind6

Ejs=U[E ;s +3E;5+ 2E5 ]cosd — V4 [E ;s — E;5+ 2E4]cos30 — U [3E |, + E; + 2E55)sinf + Y% [E,, — E;, — 2E 4]sin36

E} = VE+ Egl+ V2Eyy — Egslcos20+ E 4sin26

Ejs=— U[E s~ E;s—2E;51cos0+ Y ([E ;s — E;5+ 2E ;5]cos30 — U E,, — E; + 2E4]sinf — U [E,, — E;, — 2E (;]sin30
Ejs=E5c0820 + Vo[ Egg — E,)sin20  ESs='6[E; + Eg3 —2E )3 +4E55]1 - %E; + Eg; — 2E;3 — 4E55]cos49 — 12| E s — E5]sin46

Ety=Y[E, — E;y+ 2E;]cos0 — Y[E,, — E;; — 2Es55]c0s30 — Y [E s — Ez5 — 2E5,1sind — Y%[E,s — Ess + 2Es,]sin38

Es= Vi Ey+ Eg ) + Y2[Egs — E y]cos20 + E 445in26 : (1)
Stiffness Matrix

Inasmuch as the components of the element strain vector also are assumed to vary circumferentially, the volume integral for the
stiffness matrix may be represented by

My Mg 27
K= N Y W oumeh=h'{{ [ &lEn,en,ra001)n ,, @)

my=0 mg=0
where the matrices # and g relate the element strains to nodal displacements with matrix A constant for the element volume and
matrix g variable over the element volume. The subscripts m,, m,, m, refer to load, displacement, and material harmonics,
respectively. The 9x 9 matrix, A, is an assemblage of geometrical constants and is therefore the same for a solid-of-revolution
constructed of an isotropic, polar orthotropic, rectangularly orthotropic, or anisotropic material. The 9 X 9 matrix, é,,, ,,,, on the
other hand, is altered depending upon the material used. Thus, changes to the element stiffness matrix to account for an

anisotropic material are the direct result of modifications to the matrix ¢,,,,,,. These modifications are the result of incorporating
the 6 x 6 matrix of material property Fourier coefficients, E,, , in the derivation of ¢,,,,,. The coefficients of the ¢,,,,,, matrix

are given in the form ¢; =¢; (Ref. 1)+ ¢} where ¢} contains the additional terms arising from the extension presented in this
Note. Thus,

¢35, =[Cys ~myCyslidrdz @3 =[~m,Co;+mm,Cs1§(1/rydrdz ¢35 =[Cys —myC 5 —m,Cys +mym,Coslfdrdz

03 =[—mCg3 +mum,yCys1f(2/r)drdz 63, =[Cg; —m,Cgs)idrdz 05 =[Cy4; + Cy5 —m Cysljrdrdz

ok =[—mCs—mCo; +mm,Cslfdrdz  ¢3,=[Cy+ Cy3 —myCys~m,Cyy — mCo; +mym,Cyslfrdrdz

o5 =[—mCs; —mCy3 + mm,Cgslizdrdz 63, =[Cs; + Cs3 —myCos]frdrdz ¢%;=1[Css —mCs,)fdrdz

63 =[Cr+ Cyy—mCyslfrdrdz &3 =[Css+ Cy3 —myCys ~mCsllzdrdz ¢ =[-m,Cy; +m}mdé,;5]j(z/r)drdé

6% =[Cy—myCus~m,Cys3 +mum,Cyslfzdrdz 2 =C,frdrdz+[~m,Cy; + mumyCys1§ (22 /rydrdz

¢35 =[m,Cs,— Cs,Jfdrdz ¢} =m,Cs,frdrdz  ¢3;=[m,Csy— Cs,+ Cg3 —m,Ceslizdrdz

o, =[—myCss+mmyCsl§(1/rydrdz ¢3,=[—myC1s—myCss+mn,;Csslfdrdz o3, =[—muCs5+mam,Csslf(z/r)drdz
0% =—myCpldrdz &3 =[—mm;Css+m Csl§(1/r)drdz &3, =—mm,Cssldrdz &%y =[~mumyCss+myCs4lf(z/r)drdz
6% =[Css—myCss—m,Cs;+mm,Cssl{drdz  ¢35=[C s —myC 5+ Cs4—myCss —mCsy+mumyCsglirdrdz

¢35 =[Css—myCs5—m,Csy+mun,Css1{zdrdz ¢35 = [624“md626]5’d}d2 ¢35 = [mCsy—mumyCs5— Cs4+myCsglidrdz
635 =ImCs,—mm,Csslirdrdz ¢35 =[mCyy—mmyCss— Csy+ myCslfzdrdz  ¢35=[—myCss+mum,Csl§(2/r)drdz
635 =[-myCrs—m Css+mm,;Csslfzdrdz  ¢3s=[—myCss+mmaCsslf(z?/r)drdz+ Cpfrdrdz  ¢js=—m,Csfdrdz

¢35 =[Cyp —mCs,1frdrdz b3s =[—myCr—mCollzdrdz o3 =[—mmyCss+myCs4lf(z/r)drdz

¢35 = —mymyCislzdrdz b3 =[~mmyCss+myCsqlf(z2/r)drdz+ Cgfrdrdz ¢3,=[m;Cp— Cyslfdrdz
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o3, =1—mmyCgs +mCylf(1/r)drdz
03, =[—mumyCg; +m,Cg]f(z/r)drdz
ot =[myCpy~mm ;Cglirdrdz ¢ty = ~mum,Cs;lzdrdz
$3=[C 15+ C35 —mCy4lfrdrdz
¢ =[myC 4 — Cus—mmyCs;+m,Coslizdrdz

@39 =[m,Cs5~ Cslfdrdz b3 =mCysfrdrdz

The compact elastic coefficients C‘,—j are defined in the Ap-
pendix of Ref. 1.

Thermal Load Vector

The changes to the thermal load vector for an anisotropic
material are considerably simpler than the modifications to
the stiffness matrix. Briefly, the thermal stress vector, which
is used to compute the thermal loads, is derived from the
product of the elasticity matrix and the thermal strain vector.
" The thermal stress in polar coordinates due to complete
restraint of thermal expansion is

0roz = Eroz0tgoz Al “@

where
(Va(ax+oay)+ ¥ (ax—oy)cos20+ayysin2d )

Az
Qpez = 1/2(ax+ay)+I/2(ay—ax)C0520—axySin20 e (5)
07 €080 + oz ySIng

(ay —ay)sin26

L — o xzSinfd + azycosl y

III. Conclusions

This paper presents the modifications that must be made to
the ASAAS finite-element code to enable the analysis of
anisotropic materials fabricated into axisymmetric shapes and
loaded axi- or asymmetrically. These modifications represent
a significant increase in material modeling capability; i.e., any
material that can be characterized by 21 elastic constants can
be analyzed accurately. Furthermore, it enables one to
analyze these solids-of-revolution with a pseudo-3-D com-
puter code rather than having to resort to the more costly 3-D
finite-element model.
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. Introduction
PROPULSION system based on chemical detonation
rather than deflagration has been studied for the last
several years (see, for example, Refs. 1-3). Larger specific
impulse is obtainable from this system in high-density, high-
pressure environments than from conventional rockets with
propellant deflagration.

The performance of such a system was measured with the
experimental system shown in Fig. 1, Ref. 1, in several dif-
ferent types of gases at different pressures. A conical nozzle
(15.9 cm long) with a half angle, 8 = 10 deg, and a flat endwall |
(1.11 .cm radius) was used. A small amount of explosive
““detasheet’” was placed flat against the nozzle endwall and
detonated by a microdetonator. Results verify the advantages
of the system over conventional rockets at high ambient
pressures regardless of the type of gas.

A one-dimensional gasdynamic analysis of the system was
carried out to explain qualitatively the general trend of the
performance of the system at various conditions.! However,
quantitative comparisons between this analysis and ex-
periments were hindered by the inability to correctly calculate
the blast wave coming out of the nozzle and the subsequent
complex flow developing in and around the nozzle.

Two-Dimensional Computations

Reported herein is a two-dimensional inviscid calculation of
this flowfield in the 69 bars, nitrogen environment. The
Eulerian computer code DORF* was used with the explosive
product gas assumed to follow the JWL equation of state. For
details of computation, refer to Kim and Johnson.?

Figure 1 shows shock-front speed obtained from the local
slope of the trajectory curves. Near the endwall, the shock
speed could not be reliably determined because the shock was
in the process of being formed and thus did not show a clear
front. The experimentally obtained shock velocity® is
compared in the figure as an asterisk.
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